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Abstract
A method to model semiconductor QDs and their properties is presented and various QDs
and their properties are investigated in detail. The method consists of a suite of programs
for building atomistic models, relaxing them and obtaining their electronic properties such
as electronic states, wavefunctions of selected states, and optical properties. A powerful
visualization tool is included to present the various properties and to perform additional
analysis concerning the structure of QDs. Two systems of high current interest are studied:
Ge QDs embedded in Si, and GaN QDs embedded in AlN. Special interest is placed in the
study of strains as they are naturally present and their distribution can be altered through
the choice of the various structural parameters. We show that strains are important in the
determination of the electronic properties and consequently can be used to produce QDs
with tailored properties.
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Introduction

Control of matter at the atomic level has opened whole new ways of producing structures and
devices at a smaller scale than previously. This has many consequences both scientific and
technological [1]. In addition the properties of these structures include new functionalities and
depend on the details. Therefore there is a great need to produce models that will describe
realistically these structures and consequently to study their properties.
One of the challenges is that these structures contain a great number of atoms and also the ubiquitous strains are not homogeneous. Two problems should be addressed, that of the equilibrium
structure and that of the solution of the quantum mechanical problem. The most appropriate
method for this type of problems is the Density Functional Theory in its various manifestations.
Unfortunately it cannot be utilized at present due to the necessary computational resources.
The next choice is the tight-binding molecular dynamics method which is also very demanding
on computer time. A procedure which has acquired a certain degree of popularity is the separation of the problem of finding the equilibrium structure from the calculation of the electronic
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properties. The first problem is treated using one of the many and tested semiempirical interatomic potentials [2,3], while the second can be dealt with the tight-binding method [4,5]. From
experience gained by applying the above procedure in various circumstances one can ascribe a
good degree of reliability.
Another challenge is that the strains are not uniform, the structures do not have simple electronic
states, and there is, an interplay between the strains and the electronic states. Therefore there
is need to add one important component which will help to visualize and interpret the various
properties of the structures. While visualization tools are available and can be utilized, one
should integrate the visualization into the design of the software package.
The systems we study are semiconductor QD embedded in another semiconductor. These structures are quite interesting since it is possible to grow 3D periodic structures of QDs and also
the QDs are protected from the environment. Many useful combinations of semiconductors have
been explored and their properties have studied both experimentally and theoretically. One very
important system is Ge QDs embedded in Si. It has been observed that the structure of QDs
grown using Molecular Beam Epitaxy (MBE) depends strongly on the growth conditions [6].
Thus when the temperature of the substrate is very high (600 o C), small density (3 109 cm−2 )
large domes are formed (12 nm height with a 80 nm base diameter, with the ratio of height
to base being between 5.5 and 7.5) and pyramids (with similar base width but with a ratio of
base to height between 11 to 13), i.e. much lower in height than the domes and with a slightly
smaller density (1.1 109 cm−2 ) while the sides of the base are aligned along the (100) direction.
The domes are multifaceted [7]. At a lower temperature (580 o C) besides pyramids and domes
with a smaller size also QDs with the shape of hut appear and the overall density increases a
lot (1.1 1010 cm−2 ). The pyramids and the domes that remain have a relative density which
depends strongly on the quantity of Ge and on the substrate temperature [8, 9]. For still lower
substrate temperatures (500 o C) no pyramids or domes are formed but only huts with base size
of 20 nm and density of 1.1 1011 cm−2 .
With the Chemical Vapor Deposition (CVD) method and with 5.5 Monolayers (ML) of deposited
Ge, QDs with density of 3 109 cm−2 and sizes between 1-4 nm for 60% of the QDs and 11-16 nm
for the rest 40%. With the deposition of 8.5 ML the density of the QDs doubles and the ratio
of the low height QDs to the high ones becomes 1 to 4. For a larger number of deposited ML
all the QDs have the same height of 15 nm with only 1 nm dispersion [10]. In all the cases the
ratio of the base to the height is 11 with the maximum base being 80 nm therefore for a higher
deposition of Ge only the height of the QDs increases. With different deposition conditions
(pressure, temperature, and deposition rate) it is possible to control the ratio of the base to the
height in the range from 5 to 11.
By growing the Ge QDs with Si and repeating the process one can produce a 3D correlated
stacking of QDs which in some cases can be periodic [11–13]. Annealing of these structures
progressively change the shape of the QDs from pyramids and huts to domes [7, 8]. As the
growth techniques are tuned for this system it is possible to form Ge QDs prior to the formation
of a typical Ge wetting layer [14, 15].
The optical properties of the periodic Ge QDs embedded is Si have been observed through
photoluminescence and it is shown to comprise of some peaks which correspond to Si around 1 26

1.1 eV, one broad peak at 0.96 eV, which originates from the strained wetting layer, and another
broad peak at 0.8 eV which is due to the QDs [16–19], and is definitely higher than the indirect
gap of bulk Ge (0.66 eV) [20, 21]. From these studies it is clear that the optical properties of
QDs depend on various factors, such as the amount of the deposited Ge, substrate temperature
and composition, annealing temperature and processing. Concerning the effect of the size of
QDs on the position and the height of the photoluminescence peak, one can notice that as the
QDs become smaller the peak shifts to higher energies and its height increases. These shifts are
significant and reach 0.03 eV for QDs with height from 12 to 16 nm [22]. The number of stacks
of QD layers in the growth direction shift the peak to lower energies up to 0.05 eV for 1 to 10
stacked QD layers, while for a bigger number of stacked layers the shift changes sign and the
peak shifts to higher energies by 0.05 eV. The explanation for this reversal of shift is that for
less than 10 layers of QDs, the successive layers have QDs with larger size, while for a larger
number of stacked QDs layers the size stays the same and also they are more relaxed.
Another interesting system is that of GaN QDs embedded in AlN, due its large band gap which
is appropriate for optoelectronic applications in near ultraviolet while GaN nanoparticles show
emission in the blue range of the visible spectrum [23]. Although the equilibrium structure of the
nitrides is hexagonal it is possible to grow them in the cubic Zinc-Blende structure [24–26]. The
advantage of the cubic phase is that it does not show the piezoelectric effect due to its symmetry
and therefore the inevitable strains do not produce unwanted internal electric fields [27–29].
The basic difference from the Ge/Si case is that the QDs are smaller, there is no interdiffusion
between the comprising compounds [30], the pyramids are strongly truncated with tetragonal
base and they are faceted in the (111) direction. The observed pyramids have average height a
few nanometers and average base of 13 nm. The ratio of height to base is 1 to 8. If they were
complete pyramids that ratio should have been 1 to square root of 2, which indicates a strongly
truncated shape [31].
The optical properties of the Wurtzite and Zinc-Blende GaN QDs embedded in AlN differ
markedly concerning the dependence of the energy of electronic transitions on the height of
the QD, and the radiative time [32]. These differences have been attributed to the presence
of the piezoelectric field for the Wurtzite structure, which is absent in the Zinc-Blende case.
A serious implication is that the radiative time is much larger for the case of Wurtzite and
strongly dependant on the height of the QDs [33, 34], thus making the Zinc-Blende GaN QDs
more appropriate for applications. The photoluminescence emission peak for Zinc-Blende GaN
QDs of height 1.6 nm has been observed experimentally to occur at 3.8 eV [32].
The purpose of the present highlight is to present a software package for the modeling of semiconductor QDs, which includes modules for building atomistic models, finding the equilibrium
structure, calculating various structural and energetic properties, and computing the electronic
states close to the fundamental gap, the electronic transitions and the optical properties. This
package, has a windows front-end, an integrated visualization component and is named STREL
from STRuctural and ELectronic properties [35, 36].
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2

Methods and Tools

2.1

Basic approximations to the quantum mechanical problem

One can easily write the Hamiltonian after the application of the Born-Oppenheimer approximation to the system:
He = Te (r) + VeN (r,R) + Vee (r)
where
Te (r) = −

1 X 2
pi
2m

(1)

(2)

i

is the kinetic energy of the electrons,
VeN (r, R) = −

XX
I

i

ZI e2
|RI − ri |

(3)

is the electron-nuclei interaction, and
Vee (r) =

e2
1 XX
2
|ri − rj |
i

(4)

j6=i

is the electron-electron interaction.
The electronic states can be obtained by solving the Schrödinger
He |ψ >= E|ψ >

(5)

This is a many body problem and can be efficiently solved by resorting to the Kohn-Sham
theorem.
Starting from the above quantum mechanical problem it has been shown [37] that one can write
approximately the energy of an ensemble of atoms as a sum of terms of the form
E({Ri }) =

X
i,j

u2 (Ri , Rj ) +

X

u3 (Ri , Rj , Rk ) + higher order terms

(6)

i,j,k6=j

Where E({Ri }) is the energy of the system for the given state described by the positions of
the atoms Ri , u2 is the two body term, and u3 is the three body one. In the summations the
subscripts j and k point to neighboring atoms of the central atom i. Functions u2 , u3 , etc can
be computed from the Hamiltonian, although it is usually the practice to assume a certain form
which contains some undetermined parameters. The parameters are determined by comparing
the model to experimental results and/or ab-initio results for different atomic configurations,
i.e. bulk crystals, surfaces, defects etc. There is a great variety of such functions adapted
to particular systems [2, 3], are commonly called interatomic potential models (IPM), and have
great utility in the modeling of very large systems. One shortcoming is that while an interatomic
potential suffice to compute the equilibrium positions of the atoms not only at absolute zero
but also for other temperatures, no information about the electronic states and properties can
be extracted.
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One way to overcome this shortcoming without solving the complete quantum mechanical
problem is to follow the method proposed by Slater and Koster [38], which is based on the
parametrization of the Hamiltonian. At first the single electron wavefunction is expanded in
a sum of atom centered functions much like the actual atomic orbitals. We will denote these
function by |i, α >, where i specifies the atomic position where the basis function is centered
and α indicates the symmetry of the basis function. For a periodic system the basis functions
are Bloch sums of atom centered function as
1 X ikri
φα (k) = √
e |i, α >
Na i

(7)

Then the Schrödinger equation becomes an linear algebra eigenvalue problem of the following
Hamiltonian matrix
Hαβ (k =< φα (k)|H|φβ (k) >=

1 X ik(ri −rj )
e
< j, α|H|i, β >
Nα

(8)

The matrix elements between specific basis functions and the Hamiltonian operator, < j, α|H|i, β >
, can be treated as parameters, which can be determined by comparing the energies of the electronic states to experimental results and/or ab-initio results. The accuracy in the description of
the electronic states through this method depends on certain choices, such as the number of basis
functions at each non-equivalent atom in the unit cell, and their spatial extend. The first determines the size of the Hamiltonian matrix, while the second the number of parameters needed to
be determined. Depending on the problem at hand one can find a suitable approximation.
Since the parameters < j, α|H|i, β > are determined from the electronic structure of bulk crystals they do not contain the information of the changes they will undergo in structures with
strains. To include this important element we assume a scaling based on the distance between the positions that define the centers of the basis functions. This scaling is of the type
< j, α|H|i, β >=< j, α|H|i, β >0 (d/d0 )n , where d is the distance in the strained case and d0
is the bulk crystal distance, n is determined by applying certain distortions to the bulk crystal.
Such procedure has been applied to many cases with very good results [39].
The above suffice to calculate the energies of the electronic states, the density of states and the
amplitude of basis functions, but since the basis functions are not explicitly specified one can
not obtain properties like the charge density. In addition to obtain the optical properties it is
necessary to calculate the matrix elements of the momentum operator between the initial and
final states
pif =< ψi |p|ψf >
(9)
i, f denote the initial and final state for a particular interband electronic transition. Luckily
there is a good approximation to the momentum operator due to the localized nature of the
basis functions and is the following
p=

m dH(k)
,
~ dk

(10)

which can be calculated easily from the matrix elements of the Hamiltonian. Thus the imaginary
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part of the dielectric function from the equation can be calculated [40].
Z
4π 2 e2 ~2 X X
2
ǫ2 (ω) =
|p (k)|2 δ[Ei (k) − Ef (k) − ~ω]d3 k
2
2
3 if
3m ω
(2π)
BZ
i

(11)

f

The real part of the dielectric function can be obtained from the Kramers - Kronig relation [41,42]
Z ∞ ′
ω ǫ2 (ω ′ ) ′
2
dω
(12)
ǫ1 (ω) = 1 + P
π
ω ′2 − ω 2
0
where the P denotes the Cauchy principal part of the integral. Optical properties such as absorption coefficient, refractive index and reflectivity are computed from the following equations:
α(ω) =

ωǫ2 (ω)
cn(ω)

r q
1
ǫ21 (ω) + ǫ22 (ω) + ǫ1 (ω)
n(ω) =
2
r(ω) =

2.2

ǫ2 (ω) 2
)
(n(ω) − 1)2 + ( 2n(ω)
ǫ2 (ω) 2
)
(n(ω) + 1)2 + ( 2n(ω)

(13)

(14)
(15)

Description of modeling through STREL

In the following we will describe the functionality of STREL and the steps one takes to study
a system. A block diagram of STREL is presented in Fig. 1. The building of the models
follows three steps. In the first step the primitive cell of the embedding material is defined. This
definition is based on simple crystallographic data and for the case of cubic structures,

Figure 1: STREL main block structure
the required data are only the Cartesian coordinates of the atoms in the primitive cell, the
primitive cell vectors and the lattice constant of the material. In the second step a superlattice
by defined by an orthogonal parallelepiped in which the primitive cell is replicated to form the
embedding matrix. Finally by replacing atoms within a selected shape the desired embedded QD
is formed. The shapes of QDs can be spheres, domes, tetrahedra, pyramids with a tetragonal
base, prisms etc. There is also the possibility to define truncated shapes. The size and the exact
characteristic of each shape (eg base of the pyramid and height) are also selectable.
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A special feature of the software is to create alloys by randomly selecting atoms to be replaced
either from the whole superlattice or from within a specified shape. One can define more than
one (the maximum number is user defined) replacements with independently selected shapes.
For each of the previous steps and each action at each step, 3D visualizations of the structure
are generated with full rotational, and zoom capabilities. Also individual or groups of atoms
can be viewed along with their properties.
For the visualization of the calculated properties one can select a 3D mode in which specific
properties at each atomic site are visualized. The presentation of the values of a particular
property at each atomic site are shown through the color, size and opacity or any combination
of the above. For a more effective observation of the properties in the various sites of the
superlattice, one can select only slices for visualization in all three directions and combinations
of such slices or to exclude some atom types from being visible. There is also the possibility for
the observation of atoms within a specific range of values of the presented property, which is
user selectable.
A very useful observation mode, especially for the visualization of the wave functions, is the
automatic selection of atoms with a cumulative value smaller or larger of a user defined percentage of the sum of the selected property. Distributions of the values of specific properties
can be calculated and the corresponding bar graphs can be plotted. These distributions can
be produced from values of all the atoms in the structure, and/or from selected atom types.
2D graphs are also integrated to present interband transition probabilities and energies, the
band structure and optical properties such as imaginary or real part of the dielectric function,
absorption, reflectance and refractive index, density of states etc.

3

Application to specific systems

3.1

Periodic Ge QDs embedded in Si

In the infrared part of the spectrum structures containing Si and Ge are very important. The
control of the properties is achieved at the beginning by alloying, later by the growth of Si/Ge
superlattices and in recent years by preparing QDs. As it is mentioned above the properties of
the nanostructures depend on the details. On the other hand there is a great number of possible
structures, thus there is a need for a rapid equilibration of the structures, the calculation of the
structural and electronic properties, and their visualization.
3.1.1

Structural properties

At first we will examine the structural properties of some relaxed structures and through the
study of various visualizations we will try to understand the details of the structures. A property
the can be accessed experimentally is the distribution of angles and the distribution of bond
lengths. Those distributions are presented in Fig. 2 and Fig. 3 for a different number of spacer
Si atomic layers.
The bond lengths distribution can be resolved into three well separated contributions, one that
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Figure 2: Bond length distribution of embedded Ge QDs.

Figure 3: Bond angle relative frequencies distribution of embedded Ge QDs.

comes from Si-Si bonds, one from Ge-Ge bonds and one from Si-Ge bonds. They are similar
in shape and share a common width. Also there is no much effect on the number of the spacer
Si layers. On the other hand in Fig. 3 it is indicated, that as the Si spacer becomes thicker,
the distribution of the bonds angles has smaller variance. This is not case, since the shown
distribution, is the distribution of the relative frequencies. Taking into account the last comment
we can conclude that the absolute number of distorted bonds and bond angles is constant
independent of the thickness of the spacer Si layer.
To access the spatial distribution of the strains we present in Fig 4 for a thin Si spacer layer
and Fig 5 for a thick spacer layer. It is a color coded visualization, where the colors vary from
blue to red in a particular range of strains. The range of values is the same for both cases to
facilitate the comparison.
The red color denotes negative strains and blue the positive ones. As it is expected the majority
of Si atoms do not show any significant values of strains, only those close to the interfaces show
negative strains, while all the Ge atoms show positive strains as the QD is embedded in Si. The
exception occurs for those Si atoms situated just below the QD and adjacent to Ge atoms which
exhibit positive strains. Therefore the strains diminish strongly as we distance from the Ge QD.
In the case of a thicker Si spacer layer we notice some interesting changes. Now there are two
distinct groups of Si atoms close the QD, one at the corners of the cell with negative strains and
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Figure 4: The strain fields for a thin spacer Si layer. Range of values Left: -0.5 to -0.1 %,
Middle: 0.05 to 0.5 %, Right: higher than 0.5 %

Figure 5: The strain fields for a thick spacer Si layer. Range of values Left: -0.5 to -0.1 %,
Middle: 0.05 to 0.5 %, Right: larger than 0.5 %

one a bit above and below the QD with positive strains. We will not go into much detail on the
implications of this finding but only state that this can be used to explain why the stacking of
QDs on the successive layers is correlated.
Coming back to the point of how fast the strains are diminishing away from the QD, in Fig. 6
we present the percent of the atomic volume change along a line perpendicular to the base and
through the center of the unit cell.
In Fig 6, three regions can be noticed, one is the interface between the Si - Ge atoms and the
other two inside the Si and Ge part of the structure. We notice the -4% volume change inside the
Ge QD, as it is expected because of the lattice mismatch, and also the fast decay of the strains
inside the Si region. In addition, the larger strains occur very close to the Si - Ge interface.
3.1.2

Electronic properties

Many of the electronic states of the QDs close to the fundamental gap are localized in the
QDs while some others are in the area between the QDs. Predominately the top of the valence
states are localized in the QDs. If a transitions occur between a valence state and a conduction
state which are both localized in the QD then we expect a high transition probability and this
arrangement is called type I. The alternative case where the valence state is localized in the
33

Figure 6: Percentage of atomic volume change along a line starting from the center of the base
of the QD and perpendicular to the base
QDs and the conduction state in the area between the QDs, has relatively small transition
probability, as there is no much overlap between the two wavefunctions, and is called type II.
Ge QDs embedded in Si are of type II for the lowest electronic transitions. Although this is the
rule one has to take a close look close at the wavefunctions as the properties of QDs depend on
the details.

Figure 7: Wavefunction of states at the top of the valence band which are localized in the QD
. Left for a pyramid and Right for a dome of similar size.
In Fig. 7 we present the upmost valence wavefunctions of Ge QDs which are clearly localized in
the QDs, although the confinement is stronger for the bigger QDs. Also the electronic states have
higher amplitude close to the bottom of the QDs. Together with the behavior of the conduction
states these details determine the actual probability for each interband transition. In Fig. 8,
the energies and the corresponding probabilities are shown for the lowest transition energies for
dome shaped QDs. We observe that interband electronic transitions strongly depend on the size
of the QDs, both in energy and the probability.
The fundamental gap is smaller for the bigger QDs by as much as 0.12 eV, a manifestation of
the size effect.
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Figure 8: Interband transitions for Ge QDs embedded in Si

3.2

GaN QDs embedded in AlN

The fabrication of device grade nitride semiconductors has resulted a great number of applications in the blue part of the visible spectrum, leading to the realization of white light emitting
diodes with great implications to many fields of science, technology and society. Recently it
become possible to fabricate GaN QDs embedded in AlN and also GaN QDs embedded in InN.
Here we will concentrate on the cubic phases, which have many advantages over the hexagonal
phase.
3.2.1

Electronic Properties

A panorama of the upmost valence states of GaN QDs embedded in AlN is presented in Fig. 9.
Each row presents one structure, while each column represents a particular valence state. Here
the numbering follows the convention for valence states, that the smaller the number the higher
is its energy, i.e. number 1 denotes the topmost valence band state. The rows denoted by A are
for dome shaped QDs, A2 has more AlN spacer layers compared to the A1 case. Row B is for
pyramid shaped QDs with an even thicker AlN layer and QW row is for a GaN Quantum Wire
embedded in AlN and included for comparison. For the periodic QD case, the QD is placed in
the center of the cell, while for the Quantum Wire is placed in the indicated corner. All the
depicted valence states are confined in the GaN QDs. Similar spatial patterns can be observed
at each row, but the energy ordering is not the same and also the details are different. One
can interpret these spatial patterns in terms of spherical symmetry as it is done for the atom,
although this is not very appropriate. The observed differences come from changing the shape
of the QDs and/or just a few layers of the spacer AlN layers, while keeping the number of atoms
is the QD constant.
The first two lowest conduction states for the structures of Fig. 9 are shown in Fig. 10. We
notice that for A1 and QW the C1 state is confined in the QD and QW respectively, while C2 in
confined in the intervening AlN region. Therefore the lowest interband transition is of type I for
these cases. For A2 none of the conduction are confined in the QDs, therefore all the transition
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Figure 9: Upmost valence band state V1, V3, V5, and V6 for two dome QDs (A1 and A2, A2
has a thicker spacer layer), pyramid shaped QDs (B) and a Quantum Wire (QW)
are of type II. Case B, has C2 confined in the QDs while C1 is confined in the AlN region, thus
the first interband transition is of type II, while the second of type I. We can conclude that
the fine details of the structure determine the optical properties and that each case needs to be
investigated as a special case.

Figure 10: The first two lowest conduction states for structures as described in Fig. 9
Having studied the valence and conduction states for the above structures it is possible to
interpret the interband transitions for each structure. These transitions are displayed in Fig.
11. The probalities for the transitions of the A2 structure are multiplied by 4000. Therefore
they are comparatively 4000 times smaller than those of the other structures, and this is a
consequence, as analyzed, of the type II interband transitions. Also we observe the larger
oscillator strength for the type I transitions which occur for the other structures.

4

Conclusions

A suite of programs under a windows front-end (STREL), specifically designed to facilitate
the investigation of the structural and electronic properties of semiconductor nanostructrures is
presented. Apart for the computational routines, a set of visualization tools is integrated into
STREL. The models for the nanostructures can have sizes similar to real fabricated structures
comprising of many thousands of atoms. The utility of STREL is demonstrated by studying the
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Figure 11: Interband transitions for the structures described in Fig. 9
properties of periodic Ge QDs embedded in Si and GaN QDs embedded in AlN. One important
element of STREL is that the study is based on atomistic modeling, which means that it takes
into important details of the structures which cannot be considered in the case of models resorting
to continuum approximations. A great influence on the optical transitions is found to arise from
strains which are naturally included in the present modeling.
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